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TROPICAL ANALOGS OF MILNOR K-GROUPS AND
TROPICALIZATIONS OF ZARISKI-RIEMANN SPACES
RYOTA MIKAMI
Abstract. As a step of a tropical approach to problems on algebraic classes of
cohomology groups (such as the Hodge conjecture), in this paper, we introduce trop-
ical analogs of (rational) Milnor K-groups, and prove the existence of the Gersten
resolution of their Zariski sheafification. Our result will be used to prove a tropical
analog of the Hodge conjecture for smooth algebraic varieties over trivially valued
fields in a subsequent paper.
Contents
1. Introduction 1
2. Notations and terminologies 2
3. Valuations and non-archimedean analytic spaces 2
4. Tropicalizations of algebraic varieties over trivially valued fields 5
5. Tropical analogs of Milnor K-groups and their sheaf cohomology 10
References 15
1. Introduction
Tropical geometry is a combinatorial shadow of algebraic geometry. We take a
tropical approach to problems on algebraic classes of cohomology groups (such as the
Hodge conjecture, the Tate conjecture, and the standard conjectures). In this paper,
inspired by Liu’s construction of tropical cycle class maps byMilnor K-groups ([Liu20,
Definition 3.6]), we shall introduce a tropical analogK∗T of (rational) Milnor K-groups,
called tropical K-groups (Definition 5.2), and study its basic properties. The goal of
this paper is as follows (Theorem 5.7 and Corollary 5.9).
Theorem 1.1. Tropical K-groups K∗T form a cycle module in the sense of Rost [Ros96,
Definition 2.1]. In particular, for any p ≥ 0, their Zariski sheafification K pT on a
smooth algebraic variety X over a trivially valued field has the Gersten resolution,
i.e., a flasque resolution
0→ K pT
d
−→
⊕
x∈X(0)
ix∗K
p
T (k(x))
d
−→
⊕
x∈X(1)
ix∗K
p−1
T (k(x))
d
−→
⊕
x∈X(2)
ix∗K
p−2
T (k(x))
d
−→ . . .
d
−→
⊕
x∈X(p)
ix∗K
0
T (k(x))
d
−→ 0,
where X(i) is the set of points of codimension i, the residue field at x ∈ X is denoted
by k(x), the maps ix : Spec(k(x)) → X are the natural morphisms, and we identify
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the groups K∗T (k(x)) and the Zariski sheaf defined by them on Spec k(x). (See Section
5 for details.)
In particular, we have the following corollary (Corollary 5.9).
Corollary 1.2.
HpZar(X,K
p
T )
∼= CHp(X)⊗Z Q.
Corollary 1.2 will be used to prove a tropical analog of the Hodge conjecture for
smooth algebraic varieties over trivially valued fields in a subsequent paper [M20].
To prove Theorem 1.1, we shall introduce tropicalizations of Zariski-Riemann spaces
(and adic spaces), which give explicit descriptions of tropicalK-groups. (Note that our
tropicalizations of adic spaces are different from Foster-Payne’s adic tropicalizations;
see [Fos16].)
The outline of this paper is as follows. In Section 2, we fix several notations and ter-
minologies. In Section 3, we review basics of valuations and non-archimedean analytic
spaces. In Section 4, we review basics of tropicalizations of Berkovich analytic spaces
and theory of tropical compactifications. We introduce tropicalizations of Huber’s
adic spaces and Zariski-Riemann spaces. Finally, in Section 5, we introduce tropical
K-groups and prove Theorem 1.1.
2. Notations and terminologies
For a Z-module G and a commutative ring R, we put GR := G ⊗Z R. Integral
separated schemes of finite type over fields are called algebraic varieties. Cones mean
strongly convex rational polyhedral cones. Toric varieties are assumed to be normal.
We denote the residue field of a valuation v by κ(v). We denote the residue field of the
structure sheaf at a point x of a scheme X by k(x). For an extension of fields L/K,
we denote its transcendental degree by tr.deg(L/K).
3. Valuations and non-archimedean analytic spaces
In this section, we give a quick review on (non-archimedean) valuations (Subsec-
tion 3.1) and non-archimedean analytic spaces: Berkovich analytic spaces (Subsection
3.2), Zariski-Riemann spaces (Subsection 3.3), and Huber’s adic spaces (Subsection
3.4). We refer to [HK94] and [Bou72, Chapter 6] for valuations, [Hub93] and [Hub94]
for valuations and Huber’s adic spaces, [Ber90], [Ber93], and [Tem15] for Berkovich
analytic spaces, and [Tem11] for Zariski-Riemann spaces.
3.1. Valuations. In this subsection, rings are assumed to be commutative with a unit
element.
Definition 3.1. We define a valuation v of a ring R as a map v : R → Γ′v ∪ {∞}
satisfying the following properties:
· Γ′v is a totally ordered abelian group,
· v(ab) = v(a) + v(b) for any a, b ∈ R, where we extend the group law of Γ′v to
Γ′v ∪ {∞} by γ +∞ =∞+ γ =∞ for any γ ∈ Γ
′
v,
· v(0) =∞ and v(1) = 0,
· v(a + b) ≥ min{v(a), v(b)}, where we extend the order of Γ′v to Γ
′
v ∪ {∞} by
∞ ≥ γ for any γ ∈ Γ′v.
TROPICAL K-GROUPS AND ZARISKI-RIEMANN SPACES 3
The subgroup of Γ′v generated by v(R) \ {∞} is called the value group of v. We
denote it by Γv. We put supp(v) := v
−1(∞). We call it the support of v. We put
Ov := {a ∈ Frac(R/ supp(v)) | v(a) ≥ 0},
which is called the valuation ring of v. The valuation v extends to a valuation on Ov,
which is also denoted by v. We put
κ(v) := Frac(Ov/{a ∈ Ov | v(a) > 0}),
which is called the residue field of v. If R/ supp(v) ⊂ Ov, we call the image of the
maximal ideal under the canonical morphism SpecOv → SpecR the center of v.
Definition 3.2. We call two valuations v and w of a ring R are equivalent if there
exists an isomorphism ϕ : Γv
∼
→ Γw of totally ordered abelian groups satisfying ϕ
′ ◦ v =
w, where ϕ′ : Γv ∪ {∞} → Γw ∪ {∞} is the extension of ϕ defined by ϕ
′(∞) =∞.
We call the rank of a totally ordered abelian group Γ as an abelian group the rational
rank of Γ.
Definition 3.3. Let Γ be a totally ordered abelian group. A subgroup H of Γ is called
convex if every element γ ∈ Γ satisfying h < γ < h′ for some h, h′ ∈ H is contained
in H.
Definition 3.4. We call the number of proper convex subgroups of a totally ordered
abelian group Γ the height of Γ. We denote it by ht Γ.
The following well-known theorem is called the Harn embedding theorem.
Theorem 3.5 (Clifford [Cli54], Hausner-Wendel [HW52]). Every totally ordered abelian
group of finite height n has an embedding into the additive group Rn with the lexico-
graphic order.
We call the rational rank (resp. height) of the value group of a valuation v the
rational rank (resp. height) of v. Equivalent valuations have the same rational ranks
and heights. Hence rational ranks and heights of equivalence classes of valuations are
well-defined.
Definition 3.6. A field L equipped with a valuation v : L → Γv ∪ {∞} is called a
valuation field. A valuation field (L, v) is called trivially valued if its value group Γv
is the trivial group {0}.
Let R be a ring. We call the set of all equivalent classes of valuations of R the
valuation spectrum of R. We denote it by Spv(R). We equip Spv(R) with the topology
which is generated by the sets
{v ∈ Spv(R) | v(a) ≥ v(b) 6=∞} (a, b ∈ R).
Let v : R→ Γv∪{∞} be a valuation. For every convex subgroup H ⊂ Γv, we define
two mappings
v/H : R→ (Γv/H) ∪ {∞}, a 7→
{
v(a) mod H if v(a) 6=∞
∞ if v(a) =∞,
v|H : R→ H ∪ {∞}, a 7→
{
v(a) if v(a) ∈ H
∞ if v(a) /∈ H.
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Lemma 3.7 (Huber-Knebusch [HK94, Lemma 1.2.1]). (1) The map v/H is a val-
uation of R, and it is a generalization of v in Spv(R).
(2) The map v|H is a valuation of R if and only if the image of R in Frac(R/ supp(v))
is contained in the localization Ov,pOv of the valuation ring Ov at a prime ideal
pOv, where we put p := {a ∈ R | v(a) > H}. Moreover, in this case, the
valuation v|H is a specialization of v in Spv(R).
Definition 3.8. We call a generalization of v in Spv(R) of the form v/H for a convex
subgroup H ⊂ Γv a vertical (or primary) generalization, and a specialization of v in
Spv(R) of the form v|H for a convex subgroup H ⊂ Γv a horizontal (or secondary)
spciaization of v.
Remark 3.9 (Bourbaki [Bou72, Proposition 2 in Section 4 in Chapter 6]). For a
valuation v of a field K, there is a natural bijection between vertical specializations of
v in Spv(K) and valuations on the residue field κ(v) of v.
3.2. Berkovich analytic spaces. In [Ber90, Section 3.5], Berkovich introduced the
Berkovich analytic space associated to an algebraic variety X over a trivially valued
field (L, vL). We denote it by X
Ber. Berkovich analytic spaces are, as sets, the sets
of bounded multiplicative seminorms. There exists a bijection between multiplicative
seminorms | | and valuations v of height ≤ 1 defined by | | 7→ − log| |. By this bijection,
we consider multiplicative seminorms as valuations.
In this paper, an affinoid algebra A over L means an L-affinoid algebra A in the
sense of [Ber90, Definition 2.1.1]. We denote the Berkovich analytic space associated
to A by M (A) [Ber90, Section 1.2]. There exists a unique minimal subset B(A) of
M (A) on which every valuation of A has its minimum [Ber90, Corollary 2.4.5]. (Note
that the minimum as valuations is the maximum as multiplicative seminorms.) It is
called the Shilov boundary of M (A). It is a finite set [Ber90, Corollary 2.4.5].
3.3. Zariski-Riemann spaces. For a finitely generated extension L/K of fields, we
put ZR(L/K) the set of equivalence classes of valuations of L which are trivial on K.
We call ZR(L/K) with the restriction of the topology of Spv(L) the Zariski-Riemann
space.
There is another expression. For each v ∈ ZR(L/K) and proper algebraic variety
X over K with function field L, by the valuative criterion of properness, there exists a
unique canonical morphism SpecOv → X . This induces a map from ZR(L/K) to the
inverse limit lim←−X (as topological spaces) of birational morphisms of proper algebraic
varieties X over K whose function fields are L.
The following Proposition is well-known.
Proposition 3.10. The map ZR(L/K)→ lim←−X is a homeomorphism.
Proof. See [Tem11, Corollary 3.4.7]. 
Remark 3.11. For any v ∈ ZR(L/K), we have rank(v) ≤ tr.deg(L/K). The equality
holds for some v.
Definition 3.12. We put (SpecL/K)Ber the subspace of the analytification XBer of a
model X of L/K (i.e., an algebraic variety over K whose function field is L) consisting
of points whose supports are the generic point of X. This definition is independent of
the choice of a model X.
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3.4. Huber’s adic spaces. For an algebraic variety X over a trivially valued field K,
we define the adic space Xad associated to X as follows. (See [Hub93] and [Hub94] for
notations and theory of adic spaces.) For each affine open subvariety U = SpecR ⊂ X ,
we put Uad := Spa(R,R∩Kalg), which is the space of equivalence classes of valuations
on R trivial on K (here we consider R a ring equipped with the discrete topology).
We define Xad by glueing Uadα for an affine open covering {Uα} of X .
Remark 3.13. Taking supports of valuations induces a surjective map Xad ։ X
whose fiber of x ∈ X is homeomorphic to ZR(k(x)/K).
Remark 3.14. Taking equivalence classes induces a map XBer → Xad. This induces
a bijection
XBer/(equivalence relations) ∼= Xad,ht≤1
to the subset Xad,ht≤1 of Xad consisting of equivalence classes of valuations of height
≤ 1.
4. Tropicalizations of algebraic varieties over trivially valued fields
In this section, we shall recall basic properties of fans (Subsection 4.1), tropical-
izations of Berkovich analytic spaces (Subsection 4.2), and tropical compactifications
(Subsection 4.3). Tropicalizations of algebraic varieties are usually defined to be tropi-
calizations as Berkovich analytic spaces. They have been studied by many mathemati-
cians, e.g., see [Gub13], [GRW16], [GRW17], and [Pay09]. We introduce tropicaliza-
tions of Huber’s adic spaces (Subsection 4.4) and Zariski-Riemann spaces (Subsection
4.5), which are the inverse limits of fan structures of tropicalizations of Berkovich an-
alytic spaces. (Note that our tropicalizations of adic spaces are different from Foster-
Payne’s adic tropicalizations; see [Fos16].) They are used to give explicit descriptions
of tropical analogs of Milnor K-groups (Corollary 5.4).
Let M be a free Z-module of finite rank n. We put N := Hom(M,Z). Let Σ be a
fan in NR, and TΣ the normal toric variety over a field associated to Σ. (See [CLS11]
for basic notions and results on toric varieties.) In this paper, cones mean strongly
convex rational polyhedral cones. Remind that there is a natural bijection between
the cones σ ∈ Σ and the torus orbits O(σ) in TΣ. The torus orbit O(σ) is isomorphic
to the torus SpecK[M ∩σ⊥]. We put Nσ := Hom(M ∩σ
⊥,Z). We fix an isomorphism
M ∼= Zn, and identify SpecK[M ] and Gnm.
4.1. Fans. In this subsection, we recall the partial compactification
⊔
σ∈ΣNσ,R of R
n
and define generalizations of fans in it.
We define a topology on the disjoint union
⊔
σ∈ΣNσ,R as follows. We extend the
canonical topology on R to that on R ∪ {∞} so that (a,∞] for a ∈ R are a basis
of neighborhoods of ∞. We also extend the addition on R to that on R ∪ {∞} by
a +∞ = ∞ for a ∈ R ∪ {∞}. We consider the set of semigroup homomorphisms
Hom(M ∩ σ∨,R ∪ {∞}) as a topological subspace of (R ∪ {∞})M∩σ
∨
. We define a
topology on
⊔
τ∈Σ
τσ
Nτ,R by the canonical bijection
Hom(M ∩ σ∨,R ∪ {∞}) ∼=
⊔
τ∈Σ
τσ
Nτ,R.
Then we define a topology on
⊔
σ∈ΣNσ,R by glueing the topological spaces
⊔
τ∈Σ
τσ
Nτ,R
together.
We shall define fans in
⊔
σ∈ΣNσ,R.
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Definition 4.1. For a cone σ ∈ Σ and a cone C ⊂ Nσ,R, we call its closure P := C
in
⊔
σ∈ΣNσ,R a cone in
⊔
σ∈ΣNσ,R. In this case, we put rel.int(P ) := rel.int(C), and
call it the relative interior of P . We put dim(P ) := dim(C).
Let σP ∈ Σ be the unique cone such that rel.int(P ) ⊂ NσP ,R. A subset Q of a cone
P in
⊔
σ∈ΣNσ,R is called a face of P if it is the closure of the intersection P
a ∩Nτ,R in⊔
σ∈ΣNσ,R for some a ∈ σP ∩M and some cone τ ∈ Σ, where P
a is the closure of
{x ∈ P ∩NσP ,R | x(a) ≤ y(a) for any y ∈ P ∩NσP ,R}
in
⊔
σ∈ΣNσ,R. A finite collection Λ of cones in
⊔
σ∈ΣNσ,R is called a fan if it satisfies
the following two conditions.
· For all P ∈ Λ, each face of P is also in Λ.
· For all P,Q ∈ Λ, the intersection P ∩Q is a face of both P and Q.
We call the union ⋃
P∈Λ
P ⊂
⊔
σ∈Σ
Nσ,R
the support of Λ. We denote it by |Λ|. We also say that Λ is a fan structure of |Λ|.
4.2. Tropicalizations of Berkovich analytic spaces. We recall basics of tropical-
izations of Berkovich analytic spaces. Let (L, vL) be a trivially valued field. In this
subsection, every algebraic variety is defined over L.
The tropicalization map
Trop: O(σ)Ber → Nσ,R = Hom(M ∩ σ
⊥,R)
is the proper surjective continuous map given by the restriction
Trop(vx) := vx|M∩σ⊥ : M ∩ σ
⊥ → R
for vx ∈ O(σ)
Ber; see [Pay09, Section 2]. (Here, as explained in Subsection 3.2, we
consider elements of Berkovich analytic spaces as valuations.) We define the tropical-
ization map
Trop: TBerΣ =
⊔
σ∈Σ
O(σ)Ber →
⊔
σ∈Σ
Nσ,R
by glueing the tropicalization maps Trop: O(σ)Ber → Nσ,R)R together. We note that
the tropicalization map
Trop: TBerΣ →
⊔
σ∈Σ
Nσ,R
is proper, surjective, and continuous; see [Pay09, Section 3].
For a morphism ϕ : X → TΣ from a scheme X of finite type over L, the image
Trop(ϕ(XBer)) of XBer under the composition Trop ◦ϕ is called a tropicalization of
XBer (or X). For simplicity, we often write Trop(ϕ(X)) instead of Trop(ϕ(XBer)). For
a closed immersion ϕ : X → TΣ, the tropicalization Trop(ϕ(X
Ber)) is a finite union
of dim(X)-dimensional cones by [BG84, Theorem A]. (Over valued fields oh height 1,
the converse also holds [M18, Theorem 1.1].)
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4.3. Tropicalizations and partial compactifications. In this subsection, we shall
recall a relation between tropicalizations and partial compactifications. LetX ⊂ Gnm =
SpecK[M ] be a closed subvariety over a trivially valued field K.
Definition 4.2. The closure X in the toric variety TΣ associated to a fan Σ in NR is
called a tropical compactification if the multiplication map
Gnm ×X → TΣ
is faithfully flat and X is proper.
Theorem 4.3 (Tevelev [Tev07, Theorem 1.2]). There exists a fan Σ such that X ⊂ TΣ
is a tropical compactification.
Remark 4.4. Let X ⊂ TΣ be a tropical compactification of X ⊂ G
n
m.
(1) The fan Σ is a fan structure of Trop(X) ⊂ NR [Tev07, Proposition 2.5].
(2) For any refinement Σ′ of Σ, the closure of X in TΣ′ is also a tropical compact-
ification [Tev07, Proposition 2.5].
Proposition 4.5 (Tevelev [Tev07, Proposition 2.3]). For a fan Σ in NR, the closure
X of X in TΣ is proper if and only if Trop(X) is contained in the support of Σ.
4.4. Tropicalizations of adic spaces over trivially valued fields. In this sub-
section, we introduce tropicalizations of adic spaces associated with algebraic varieties
over a trivially valued field K, and study their basic properties.
We define tropicalizations. Let X be a subvariety of a torus Gnm over K, and Λ a
fan structure of Trop(X) ⊂ NR. We consider the composition
Xad → X → Λ,
where the first morphism is taking center and the second one is defined by X ∋ x →
λ ∈ Λ such that x ∈ O(λ). (The closure X is taken in the toric variety TΛ associated
with the fan Λ.) Note that by Proposition 4.5 and the valuative criterion of properness,
the map Xad → X is well-defined. We denote this composition by TropadΛ : X
ad → Λ.
Definition 4.6. Taking all fan structures Λ of Trop(X), we have a surjective map
Tropad : Xad → lim←−Λ
called the tropicalization map of Xad.
For a subvariety Y of a toric variety TΣ over K and Λ a fan structure of Trop(Y ),
we put
TropadΛ : Y
ad → Λ
the disjoint union of TropadΛ∩Trop(O(σ)) (σ ∈ Σ).
Definition 4.7. Taking all fan structures Λ of Trop(Y ), we have a surjective map
Tropad : Y ad → lim←−Λ
called the tropicalization map of Y ad.
Remark 4.8. By Proposition 3.10, the natural map
Xad → lim←−X
is surjective, where X runs through all tropical compactifications of X ⊂ Gnm, and the
map Tropad induces a bijection
Xad/J ∼= lim←−Λ,
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where J is the equivalence relation generated by v ∼ w for v and w such that the re-
strictions v|M and w|M are the equivalent, i.e., there exists an isomorphism ϕ : v(M) ∼=
w(M) of totally ordered abelian groups satisfying ϕ ◦ v|M = w|M .
To give another description of Tropad(Xad), we define an equivalence relation on
(NR)
r. For li ∈ NR, we can write li =
∑
k ai,kli,k by Q-linear independent elements
{ai,k}k ⊂ R and Q-linear independent elements {li,k}k ⊂ NQ. In other words, the
subspace
⊕
k Q · li,k ⊂ NQ is the minimal subspace of NQ such that (
⊕
kQ · li,k ⊂ NQ)R
contains li. We put
Jr := {(l1, . . . , lr) ∈ (NR)
r | li ∈ NR/
i−1∑
j=1
∑
k
R · lj,k is non-zero (1 ≤ i ≤ r)}.
We put Ir the equivalence relation on (NR)
r generated by (l1, . . . , lr) ∼ (l
′
1, . . . , l
′
r) for
(l1, . . . , lr) and (l
′
1, . . . , l
′
r) satisfying
R>0 · li = R>0 · l′i ∈ NR/
i−1∑
j=1
∑
k
R · lj,k (1 ≤ i ≤ r).
To simplify notations, we put (NR)
0 := {(0, . . . , 0) ∈ NR}.
Lemma 4.9. Let A ⊂ NR be the support of a fan. There is a bijection⋃
r≥0
{(l1, . . . , lr) ∈ Jr |
r∑
i=1
(
i∏
j=1
ǫj)li ∈ A for small ǫj ∈ R>0 (1 ≤ j ≤ r)}/
⋃
r≥1
Ir
∼= lim←−Λ
given by (l1, . . . , lr) 7→ (PΛ)Λ, where Λ runs through all fan structures of A and (PΛ)Λ
satisfies
r∑
i=1
(
i∏
j=1
ǫΛ,j)li ∈ rel.int(PΛ)
for any Λ and sufficiently small ǫΛ,j (1 ≤ j ≤ r).
Proof. We prove Lemma 4.9 by induction on dim(A), i.e., the maximum of dimension
of cones contained in A. When dim(A) = 0, it is trivial. We assume dim(A) ≥ 1. We
fix l ∈ NR \{0}. We put (Pl,Λ)Λ the image of l under the map in Lemma 4.9. Then for
a fan structure Λ of A such that dim(Pl,Λ) achieves its minimum, the set A∩NPl,Λ,R ⊂
Trop(TΛ) does not depend on the choice of Λ under canonical identification of NPl,Λ,R
by bijective maps of tropicalizations induced from blow-ups of toric varieties. We fix
such a fan structure, and denote it by Λ0. Then, by applying the assumption of the
induction to A ∩ NPl,Λ0 ,R, the map in Lemma 4.9 for A ∩ NPl,Λ0 ,R induces a bijection
between the subset of⋃
r≥0
{(l1, . . . , lr) ∈ Jr |
r∑
i=1
(
i∏
j=1
ǫj)li ∈ A for small ǫj ∈ R>0 (1 ≤ j ≤ r)}/
⋃
r≥1
Ir
consisting of the equivalent classes of (l1, . . . , lr) such that R>0 · l1 = R>0 · l and the
subset of lim←−Λ consisting of (PΛ)Λ such that R>0 · l(PΛ) = R>0 · l, where l(PΛ)Λ is a fixed
point in the relative interior of the intersection
⋂
Λ PΛ. (Note that by compactness of
Sn−1 and the definition, the intersection
⋂
Λ PΛ is a half-line.) Since l ∈ NR \ {0} is
arbitrary, Lemma 4.9 holds. 
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Remark 4.10. Let (l1, . . . , lr) 7→ (PΛ)Λ as in Lemma 4.9. Then for a sufficiently fine
fan structure Λ1 of A, we have
SpanR(PΛ1) =
∑
i,k
R · li,k.
By definitions, we have the following.
Lemma 4.11. Let Λ be a fan structure of Trop(X), v ∈ Xad, and w ∈ Xad a vertical
specialization of v. We put w ∈ X ∩O(TropadΛ (v)) the unique vertical specialization v0
of the trivial valuation on k(center(v)) such that w is a horizontal specialization of w
([HK94, Lemma 1.2.5(i)]). Here, we consider v0 as an element in X
ad
.
Then we have
Tropad
{P∩N
Tropad
Λ
(v)
}P∈Λ
(w) = TropadΛ (w) ∩NTropadΛ (v).
We consider (l1, . . . , lr) ∈ (NR)
r as a map
M ∋ m 7→ (l1(m), . . . , lr(m)) ∈ R
r.
Lemma 4.12. Let v ∈ Xad be a valuation, and (l1, . . . , lr) ∈ (NR)
r corresponds to
Tropad(v) via the bijection in Lemma 4.9 for Trop(X). Then there exists a ordered
group isomorphism φ : v(M) ∼= (l1, . . . , lr)(M) satisfying φ · v|M = (l1, . . . , lr). Here,
we consider Rr equipped with the lexicographic order. (We denote a representative of
the equivalence class v by v.)
Proof. When r ≤ 1, the assertion is trivial. When r ≥ 2, the assertion follows from
induction on r in a similar way to Lemma 4.9 by Lemma 4.11. 
Definition 4.13. For x ∈ Tropad(Xad) whose inverse image under the bijection in
Lemma 4.9 for Trop(X) is (l1, . . . , lr), we put ht(x) := r.
We omit the proof of the following lemma because it immediately follows from
Lemma 4.12.
Lemma 4.14. For v ∈ Xad, we have
ht(v(M)) = ht(Tropad(v)).
Remark 4.15. The map in Lemma 4.9 induces a bijection
Trop(XBer)/I ∼= Tropad(Xad)ht≤1.
Here, the subset Trop(Xad)ht≤1 of Trop(Xad) consisting of elements of height ≤ 1, and
I is the equivalence relation generated by a ∼ a′ for a and a′ such that R>0 ·a = R>0 ·a
′.
We have a commutative diagram
XBer/(equivalence relations)
Trop

∼= // Xad,ht≤1
Tropad

⊂ Xad
Tropad

Trop(XBer)/I
∼= // Tropad(Xad)ht≤1 ⊂ Tropad(Xad).
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4.5. Tropicalizations of Zariski-Riemann spaces. In this subsection, we shall
introduce tropicalizations of explicit subsets of Berkovich analytic spaces and tropical-
izations of Zariski-Riemann spaces. They will be used to compute tropical analogs of
Milnor K-groups. Let K be a trivially valued field, L/K a finitely generated extension
of fields. For a morphism ϕ : SpecL→ Gnm over K, there is a canonical morphism
ϕ : (SpecL/K)Ber → Gn,Berm .
Definition 4.16. We call
Trop(ϕ(SpecL/K)) := Trop(ϕ((SpecL/K)Ber))
a tropicalization of (SpecL/K)Ber.
Remark 4.17. We have
Trop(ϕ(SpecL/K)) = Trop(ϕ(SpecL)),
where ϕ(SpecL) is the closure in Gnm. (This is because any affinoid subdomain of
ϕ(SpecL)
Ber
has a point whose support is the generic point of ϕ(SpecL).) In partic-
ular, Trop(ϕ(SpecL/K)) is a finite union of cones.
Definition 4.18. For a fan structure Λ of
Trop(ϕ(SpecL/K)) = Trop(ϕ(SpecL)),
we denote the composition
ZR(L/K)→ ϕ(SpecL)
ad TropadΛ−−−−→ Λ,
by TropadΛ ◦ϕ, where the first morphism is the canonical map. Taking all fan structures
Λ of Trop(ϕ(SpecL/K)), we have a surjective map
Tropad ◦ϕ : ZR(L/K)→ lim←−Λ
called a tropicalization map of the Zariski-Riemann space ZR(L/K).
5. Tropical analogs of Milnor K-groups and their sheaf cohomology
In this section, we introduce and study tropical analogs of Milnor K-groups, called
tropical K-groups. The goal is to show that tropical K-groups satisfy good proper-
ties, i.e., they form a cycle module in the sense of Rost [Ros96, Definition 2.1]. In
particular, Zariski sheaf cohomology groups of the sheaves K pT of tropical K-groups
can be computed by the Gersten resolution (Corollary 5.9), hence we have a canonical
isomorphism
HpZar(X,K
p
T )
∼= CHp(X)Q.
This is used to prove a tropical analog of the Hodge conjecture for smooth algebraic
varieties over trivially valued fields, in a subsequent paper [M20].
Let K be a field. We equip it with the trivial valuation. Let M be a free Z-module
of finite rank. We put N := Hom(M,Z). Let L/K be a finitely generated extension of
fields. Let p ≥ 0 be a non-negative integer. For a morphism ϕ : SpecL→ SpecK[M ]
over K and a fan structure Λ of Trop(ϕ(SpecL/K)), we put
Fp(0,Λ) :=
∑
P ′∈Λ
∧p Span(P ′) ⊂ ∧pNR,
where Span(P ′) is the Q-vector space spanned by P ′ ∩NQ, and put
F p(0,Λ) := ∧pMQ/{f ∈ ∧
pMQ | α(f) = 0 (α ∈ Fp(0,Λ))}.
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Since F p(0,Λ) depends only on the support Trop(ϕ(SpecL/K)) = |Λ| of Λ, we some-
times write F p(0,Trop(ϕ(SpecL/K))) instead of F p(0,Λ).
Remark 5.1. Consider two morphisms ϕ : SpecL→ Grm and ϕ
′ : SpecL→ Glm over
K and a toric morphism ψ : Glm → G
r
m such that the diagram
SpecL
ϕ //
ϕ′ ##●
●
●
●
●
●
●
●
●
Grm
Glm
ψ
OO
is commutative. These induce a pull-back map
F p(0,Trop(ϕ(SpecL/K)))→ F p(0,Trop(ϕ′(SpecL/K))).(5.1)
Note that since Trop(ϕ′(SpecL/K))→ Trop(ϕ(SpecL/K)) is surjective, this pull-back
map is injective.
Definition 5.2. We put
KpT (L/K) := lim→
ϕ : Spec(L)→Grm
F p(0,Trop(ϕ(SpecL/K))),
where ϕ : SpecL → Grm runs all K-morphisms to tori of arbitrary dimensions and
morphisms are the pull-back maps
F p(0,Trop(ϕ(SpecL/K)))→ F p(0,Trop(ϕ′(SpecL/K))).(5.2)
We call KpT (L/K) the p-th (rational) tropical K-group. When there is no confusion,
we denote it by KpT (L).
The following results give another expression of tropical K-groups.
Lemma 5.3. For a morphism
ϕ : SpecL→ Gnm = SpecK[M ]
over K, we have
F p(0,Trop(ϕ(SpecL/K))) = ∧pMQ/JM = ∧
pMQ/J
′
M ,
where JM (resp. J
′
M) is the Q-vector subspace generated by f ∈ ∧
pMQ such that
∧pv(ϕ(f)) = 0 for v ∈ ZR(L/K) (resp. for v ∈ ZR(L/K) with
ht(v(ϕ(M))) = tr.deg(k(ϕ(SpecL))/K)).
Here, the element ϕ(f) ∈ ∧p(L×)Q is the image of f by the map ∧
pϕ : ∧p MQ →
∧p(L×)Q, the map
∧pv : ∧p (L×)Q → ∧
p(Γv)Q
(resp. ∧p ϕ : ∧p MQ → ∧
p(L×)Q)
is the wedge product of vQ : (L
×)Q → (Γv)Q (resp. ϕQ : MQ → (L
×)Q) as a homomor-
phism of Q-vector spaces, and k(ϕ(SpecL)) is the residue field of the structure sheaf
at ϕ(SpecL) ∈ Gnm.
Proof. This follows from Remark 4.10, Lemma 4.12, Lemma 4.14, and surjectivity of
tropicalization map ZR(L/K)ad → lim←−Λ ,where Λ runs through all fan structures of
Trop(ϕ((SpecL/K)). Remind that Trop(ϕ(SpecL/K)) is a finite union of rational
polyhedra of dimension tr.deg(k(ϕ(SpecL)/K)). 
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Corollary 5.4. We have
KpT (L)
∼= ∧p(L×)Q/J ∼= ∧
p(L×)Q/J
′,
where J (resp. J ′) is the Q-vector subspace generated by f ∈ ∧p(L×)Q such that
∧pv(f) = 0 for v ∈ ZR(L/K) (resp. for v ∈ ZR(L/K) with ht(v) = tr.deg(L/K)).
We shall show that tropical K-groups satisfy good properties, i.e., they define a
cycle module in the sense of Rost [Ros96, Definition 2.1].
We recall the definition and several maps of Milnor K-groups. For a field E, its
Milnor K-group is defined by
KpM(E) := T
pE×/J,
where T pE× is the p-th tensor of the multiplicative group E× over Z and J is the
subgroup of T pE× generated by
{a1 ⊗ · · · ⊗ ap | ai = 1− aj for some i, j}.
In particular, we have K0M(E) = Z and K
1
M(E) = E
×. The image of a1 ⊗ · · · ⊗ ap in
KpM(E) is denoted by (a1, . . . , ap).
· A morphism ϕ : F → E of fields induces a map
ϕ∗ : K
p
M(F )→ K
p
M(E)
by
ϕ∗((a1, . . . , ap)) = (ϕ(a1), . . . , ϕ(ap)).
· For a finite morphism ϕ : F → E, there is the norm homomorphism
ϕ∗ : KpM(E)→ K
p
M(F )
(Bass-Tate [BT72], Kato [Kat80]). It is a generalization of the multiplication
×[E : F ] : K0M(E) = Z→ Z = K
0
M(F )
and the usual norm map E× → F×. This is defined by Bass and Tate [BT72]
with respect to a choice of generators of E over F , and independence of such
a choice was proved by Kato [Kat80].
· For a normalized discrete valuation v : F× → Z, there is the residue homomor-
phism (Milnor [Mil70])
∂v : K
p
M(F )→ K
p−1
M (κ(v)).
It is characterized by
∂v((π, u1, . . . , up−1)) = (u1, . . . , up−1)
∂v((u1, . . . , up)) = 0
for a prime π of v and ui ∈ F with v(ui) = 0 (1 ≤ i ≤ p) and residue class ui.
(Remind that κ(v) is the residue field of v.)
Lemma 5.5. The canonical morphism
⊗pL× → KpT (L)
factors through
⊗pL× → KpM(L)→ K
p
T (L).
Proof. For any a ∈ L, there are no 2-rational-rank valuations of K(a) which are trivial
on K. Hence the assertion follows from Corollary 5.4. 
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Lemma 5.6. The maps ϕ∗, ϕ
∗, and ∂v for v which is trivial on K induce maps of
tropical K-groups
ϕ∗ : K
p
T (F )→ K
p
T (E),
ϕ∗ : KpT (E)→ K
p
T (F ),
∂v : K
p
T (F )→ K
p−1
T (κ(v)).
Proof. For ϕ∗, the assertion follows from Corollary 5.4. For ∂v, the assertion follows
from Corollary 5.4 and Remark 3.9.
We shall show that the norm homomorphism ϕ∗ induces a map of tropical K-groups.
It suffices to show that for a finite extension of fields ϕ : F → E and α ∈ KpM(E) such
that ∧pw(α) = 0 for any w ∈ ZR(E/K) with ht(w) = tr.deg(E/K), we have
∧pv(ϕ∗α) = 0
for any v ∈ ZR(F/K) with ht(v) = tr.deg(F/K). We shall show this assertion by
induction on p. When p = 0, the assertion is trivial. We assume p ≥ 1. Let v1 ∈
ZR(F/K) be the unique generalization of v of height 1. Note that since ht(v) =
tr.deg(F/K), we have rank(v) = ht(v). Hence we have rank v1 = ht(v1) = 1, i.e.,
the valuation v1 is discrete. For an extension wi ∈ ZR(E/K) of v1 to E and any
u ∈ ZR(κ(wi)/K) with ht(u) = tr. deg(κ(wi)/K), we have
∧p−1u(∂wi(α)) = ∧
pu˜(α) = 0,
where u˜ ∈ ZR(E/K) is the specialization of wi corresponding to u in the sense of
Remark 3.9. Note that we have
ht(u˜) = ht(u) + 1 = tr.deg(κ(wi)/K) + 1 = tr.deg(E/K).
Hence by applying the assumption of induction to ϕi : κ(v1) → κ(wi) and ∂wi(α) ∈
Kp−1M (κ(wi)), we have
∧p−1v(ϕ∗i (∂wi(α))) = 0,
where v ∈ ZR(κ(v1)/K) is the valuation corresponding to v in the sense of Remark
3.9. Hence we have
∧pv(ϕ∗α) = ∧p−1v(∂v1 ◦ ϕ
∗α)
= ∧p−1v
(∑
wi
ϕ∗i ◦ ∂wi(α)
)
= 0,
where wi ∈ ZR(E/K) runs through all extensions of v1 ∈ ZR(F/K) to E, and the
second equality follows from a basic property
∂v1 ◦ ϕ
∗ =
∑
wi
ϕ∗i ◦ ∂wi
of Milnor K-groups. 
We also denote the induced maps of tropical K-groups by ϕ∗, ϕ
∗, ∂v.
Theorem 5.7. The functor
(finitely generated fields over K)→ (Z≥0-graded abelian group)
L 7→
⊕
p
KpT (L/K).
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with ϕ∗, ϕ
∗, ∂v and a natural morphism
KpM(L)×K
q
T (L)→ K
p+q
T (L)
is a cycle module in the sense of Rost [Ros96, Definition 2.1].
Proof. This follows from Lemma 5.5, Lemma 5.6, and the fact that Milnor K-groups
form a cycle module [Ros96, Theorem 1.4 and Remark 2.4]. 
Example 5.8. We give examples of tropical K groups.
· For any L/K, we have K0T (L/K) = Q by definition.
· For any L/K, by Corollary 5.4, we have K1T (L/K) = (L
×/(L ∩Kalg)×)Q.
· For any L/K and any p ≥ tr.deg(L/K)+1, we have KpT (L/K) = 0 since there
are no valuations of L which are trivial on K and have rational ranks strictly
greater than tr.deg(L/K).
· Let T be an indeterminate. For any L/K, we have
K
tr.deg(L/K)+1
T (L(T )/K)
(∂x)x
∼=
⊕
x∈A1,cl
L
K
tr.deg(L/K)
T (k(x)/K),
where A1,clL is the set of closed points of A
1
L = SpecL[T ], the field k(x) is the
residue field at x ∈ A1L, and ∂x is the residue homomorphism for the normal-
ized discrete valuation of L(T ) corresponding to x ∈ A1,cl. This follows from
homotopy property of cycle modules for A1 [Ros96, Proposition 2.2 H] and the
above example. In particular, for L/K with tr.deg(L/K) = 1, we have
K2T (L(T )/K)
(∂x)x
∼=
⊕
x∈A1,cl
L
(k(x)×/(k(x) ∩Kalg)×)Q.
We give an explicit resolution of the Zariski sheaf of tropical K-groups on a smooth
algebraic variety X over K. Let X(i) be the set of points of X of codimension i. For
any i and points x ∈ X(i), y ∈ X(i+1), Rost defined a map
∂yx : K
p
T (k(x))→ K
p−1
T (k(y))
[Ros96, Section 2] as follows. When y /∈ {x}, we put ∂yx = 0. When y ∈ {x}, we put
∂yx :=
∑
v
ϕ∗v ◦ ∂v : K
p
T (k(x))→ K
p−1
T (k(y)),
where v ∈ ZR(k(x)/K) runs through all normalized discrete valuations of k(x) whose
center in {x} is y. Let η ∈ X be the generic point. We denote by K pT the sheaf on
the Zariski site XZar defined by
K
p
T (U) := Ker(K
p
T (K(X))
d
−→ ⊕x∈U (1)K
p−1
T (k(x)),
where d := (∂xη )x∈U (1). We call it the sheaf of tropical K-groups.
Corollary 5.9. For any p ≥ 0, the sheaf K pT has the Gersten resolution, i.e., an
exact sequence
0→ K pT
d
−→
⊕
x∈X(0)
ix∗(K
p
T (k(x)))
d
−→
⊕
x∈X(1)
ix∗K
p−1
T (k(x))
d
−→
⊕
x∈X(2)
ix∗K
p−2
T (k(x))
d
−→ . . .
d
−→
⊕
x∈X(p)
ix∗K
0
T (k(x))
d
−→ 0,
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where ix : Spec(k(x))→ X are the natural morphisms, we identify the groups K
∗
T (k(x))
and the Zariski sheaf defined by them on Spec k(x), and d := (∂yx){x∈X(i), y∈X(i+1)}. In
particular, we have
HpZar(X,K
p
T )
∼= CHp(X)Q.
Proof. The first assertion follows from Lemma 5.7 and [Ros96, Theorem 6.1]. The
second assertion follows from the fact that for a normalized discrete valuation v ∈
ZR(E/K) of a field extension E/K, the residue homomorphism
∂v : K
1
T (E)
∼= (E×)Q/((E ∩K
alg)×)Q → K
0
T (κ(v))
∼= Q
coincides with the map induced by the valuation v : E× → Z. 
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